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Abstract
The moving molten contact line occurs in numerous processes where a molten
material front advances over a cooled solid substrate or boundary. Casting processes offer
one set of examples, including spin casting where continuous ribbons or sheets of
material are produced at high speed. Another example occurs in molten droplet
deposition processes, where three-dimensional objects of arbitrary 3D shape are produced
by sequential deposition and solidification of molten droplets.
A key thing that needs to be known about an advancing molten contact line is
when freezing will arrest its motion. At this time, there is no fundamental theory for this.
Schiaffino and Sonin (1997) have pointed out that the conventional, continuum
formulation of the moving molten contact line problem has no solution because the
solidification heat flux is singular at the contact line, precisely where one needs to
evaluate it in order to predict the point of contact line arrest. This thesis presents a
computational exploration of the heat flux singularity in the conventional continuum
formulation. Finite element methods with mesh refinement are used to resolve the power-
law form of any singularity, and some first attempts are made to determine what
mathematical forms of the boundary conditions are free of the singularity. Analysis and
comments are presented on the possible role of interfacial resistive layers in removing the
singularity.
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Chapter 1
INTRODUCTION
The moving molten contact line appears in numerous materials processing
applications. One example is the novel drop-on-demand microfabrication method
proposed by Gao and Sonin (1994). The process, illustrated in Figure 1.1, consists in the
ejection of a single droplet by a piezo-driven droplet generator. The droplet impacts the
target, where it solidifies. Pillars are built by the deposition of droplets on top of others,
which have already solidified in a previous deposition. By sweeping the droplet generator
relative to the target, droplet beds and walls can be built, making it possible to generate
an infinite variety of shapes. In this process, the final shape of each droplet, and thus the
shape of the whole structure, is controlled by the dynamic and thermal mechanisms that
determine the solidification of the droplet. Other examples include microelectronics
device packaging, rapid prototyping and spin casting processes where continuous ribbons
or sheets of material are produced at high speed.
The molten contact line problem is thus of extreme importance for industrial
applications, but it is also of great interest for the scientific community. Chapter 2 and
Chapter 3 will show that the standard continuum formulation of the problem features
singularities at the contact line, precisely where one needs to evaluate it in order to
predict the point of contact line arrest. Schiaffino and Sonin (1997b) explored these
problems by experimental analysis and through the development of similarity laws for the
process for droplets impacting on a cooler target of the same material as the droplet.
The real physical molten contact line is, of course, unaware of the singularity. It
advances with a well-defined apparent contact angle and the angle of attack of its fusion
front at the contact line is determined, according to Schiaffino and Sonin (1997a), by the
target temperature parameter S. Nature always works towards the removal of its sharp
gradients and the mathematical singularity should be regarded as an artifact of the model.
Ultimately, a complete understanding of the problem should be resolved through the
physics at the molecular scale.
11
0(t)
0
o 0 0
o 0 0
0
o 0 0
Figure 1. 1: Microdrop delivery system
The objective of this thesis is to study more thoroughly the near contact line
region through numerical analysis of the process, taking into consideration a variety of
mathematical modification in the continuum formulation of the problem that would limit
the heat flux and remove our mathematical singularity. In Chapter 2 and Chapter 3 we
study the nature of the singularity and analyze the length scale where some physical
mechanism that limits the singularity should occur. Next we propose two mathematical
modifications to the standard continuum problem. In Chapter 4 we consider a non-
dimensional heat transfer coefficient at the solid/liquid interface of the molten contact
line and in Chapter 5 we introduce a resistive layer at the contact line region. We do not
12
expect to reach a complete solution, but such modifications in the problem formulation
should help future studies in this area.
The study carried out for this thesis is based mostly on results for microcrystalline
wax (Reed 6882, made by Reed Wax, Reading MA), however we expect that the results
may be extended for different materials.
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Chapter 2
THE THERMAL SINGULARITY IN THE ADVANCING MOLTEN
CONTACT LINE PROBLEM
2.1 Problem Statement
One of the key things that one would like to have available for melt spreading
problems is a theoretical criterion for when the advancing contact line will freeze up and
stop moving. With such a criterion, a process designer could ensure the continuation of
melt spreading, or deliberately cause its arrest. No satisfactory theory for arrest is,
however, available. Schiaffino and Sonin (1997b) have shown that useful empirical arrest
criteria can be obtained via similarity laws. They argued, furthermore, that the arrest
condition is determined by the (coupled) solidification and convective heat transfer
problems very near the contact line (Figure 2.1 and Figure 2.2). These processes
determine the angle of attack Os of the solidification interface at the contact line. When
the angle Oa of the melt front is reduced and approaches the angle Os of the fusion
interface the melt motion will become vanishingly small, and advance will cease. The
problem thus reduces to calculating the angle Os, which is determined (via the Stefan
condition) by the heat flux from the solidification front at the contact line. Schiaffino and
Sonin point out, however, that the standard continuum formulation yields no solution for
Os, for a singularity in heat flux exists at precisely this point.
U U
Molten Material
Contact linea
(see Figure 2.2)
Target of Same Material
R
Figure 2.1: Molten droplet spreading on a target of its own kind
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The present thesis represents an exploration of how the heat flux singularity at the
contact line is affected by replacing the "standard" thermal boundary conditions at the
fusion interface with various alternative hypotheses (models) near the contact line. Our
ultimate objective-which is not necessarily achieved with this thesis-is to find alternative
models that (1) remove the singularity and (2) yield agreement with available
experimental data, with physically plausible values for the model parameters.
This work is a first attempt at this endeavor, and is based on a set of assumptions
which simplify the problem as much as possible without robbing it of physical relevance.
These assumptions are:
1) In the reference frame fixed in the contact line (Figure 2.2) there exists near the
contact line a steady or quasi-steady state where the solid regions move at a uniform
speed U (the contact line advance speed in Figure 2.1), and the spreading melt can be
approximated as being semi-infinite in the horizontal direction. (This is appropriate
when the Peclet number Pe=UR/ax is large, where R is the radial length of the melt
region).
2) Melt and target are of same material and have approximately the same thermal
transport properties
3) The material solidifies and releases latent heat (L) at a distinct fusion temperature
(Tf).
4) The heat flux from to the fusion interface from the side of the molten liquid is
negligible. This avoids having to solve the coupled flow and heat transfer problem on
the melt side. (In any case, Schiaffino and Sonin have found experimentally that the
melt's sensible heat seems to have little effect on the apparent liquid contact angle at
the point of arrest.)
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5) The heat loss to the gas phase is negligible; that is, the air-side boundaries are
adiabatic.
FusionLiquid
Interface q, d
dx
qs Solid
y
Streamlines
Liquid
Ga f Fusion
a Si Interface, T
Schiaffino and Sonin (1997a) argue that as long as the contact line is moving (at
speed U, say), the temperature at the contact line, where the liquid meets the solid, must
be at the fusion point Tf. The assumption is that temperature continuity is satisfied and no
undercooling occurs, there being plenty of nucleation sites when melt and solid are of the
same material. Downstream of the contact line, heat flows from the melt-solid interface
to the cooler solid below. This gives rise to a solidification front or fusion interface at
temperature Tf, which starts from the contact line with an angle of attack Os (Figure 2.2).
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When the contact line advances, the apparent contact angle Oa of the liquid melt
relative to the undisturbed target must be larger than the angle of the solidification front
Os. As a molten drop spreads, however, the difference between these two angles will be
reduced and will eventually become small. As Oa approaches Os, viscous retarding forces
will rapidly inhibit the flow, impeding the supply of fresh molten material to the contact
line and bringing the contact line to a halt. Therefore arrest occurs as Os approaches Oa.
Close to arrest, the liquid region near the contact line becomes very narrow, and
can be modeled approximately as a thin wedge with one edge at constant temperature (the
side where the solidification occurs) and the other as adiabatic (the contact line free
surface, where we neglect heat transfer to the air side).
Based on the assumptions listed above, the temperature in the solid phase is
governed by
V20= (2.1)
where the left and right terms are the diffusive and convective term respectively, and the
dimensionless variables are
Ux I Uy (T-Tt) (2.2)
aX ac (Tf - Tt)
where T is the local temperature, Tt is the far-field target temperature, and Tf is the fusion
temperature.
The boundary conditions for the solid phase are (Figure 2.3):
=0 at X<O and Y=O (2.3)
aY
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at X->-oo, Y<=0
at Y-+-oo
(2.4)
(2.5)
(2.6)
(2.7)
-- =0 , at Y-+oo
and $=1 at X>O and Y=As(X)
where As(X) is the elevation of the fusion front.
fusion interface
X
Fu= 0
Figure 2.3: Computational domain and boundary conditions
In steady (or quasi-steady) 2D flow of a material that releases latent heat and
solidifies at a single distinct temperature, the energy balance across the fusion interface is
given by the Stefan condition
pUL sin 0=q, -q, (2.8)
where 0 is the slope of the fusion front, p is the material density, L is the latent heat of
fusion and qs and qi are the normal heat fluxes from the solidification interface into the
solid phase and from the liquid phase into the solidification front respectively.
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The shape of the fusion interface (As(X)) is unknown a priori, and is determined
by an iterative procedure as explained below.
Neglecting the heat flux qi from the liquid side, Eq. 2.8 can be rewritten in
dimensionless terms as
sinO = SQ (2.9)
where
S = C(Tf -T) (2.10)
L
is the Stefan number, C is the specific heat and
Q = fi.V$, for X>0, Y=As(X) (2.11)
represents the dimensionless normal heat flux from the fusion interface into the solid (H
is the unit outward normal). From a knowledge of the heat flux, the shape of the fusion
boundary As(X) can thus be established from
dA SQ (2.12)
dX 1_(SQ)2
where As(0)=0.
Starting with an assumed fusion interface shape (a flat fusion interface, for
example) as a zeroth iteration, we first solve for the temperature field $ with Eqs. 2.1
through 2.7 and then compute the non-dimensional heat flux Q normal to the constant
temperature boundary. Next, we update the fusion interface shape using Eq. 2.12. The
procedure is repeated until the fusion front converges. In principle this procedure yields
the shape of the fusion interface for a given target subcooling S. In particular, one would
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like to obtain the angle of attack of the fusion front at the contact line, Os, which is our
main point of interest:
Os = lim tan SQ (2.13)S 41-(SQ) 2
This is where the singularity problem appears in the "conventional formulation" of the
problem. The heat flux Q is infinite at X=O (see Schiaffino and Sonin (1997b)), which
makes it impossible to compute Os from Eq. 2.13.
We shall proceed by studying the nature of the solutions for two simplified
problems, and afterwards discussing the theoretical difficulties of the real problem and
possible fixes.
2.3 The Nature of the Heat Flux Singularity in Simplified Problems
In order to investigate the nature of the mathematical singularity, we will study
the heat transfer in two simplified domains, in which we maintain all of the equations of
our problem, except the Stefan condition. That is, we specify a shape for the fusion
interface that is inconsistent with the Stefan condition (Eq. 2.9).
2.3.1 Heat Transfer in an Infinite Wedge-Shaped Fusion Front
Consider first our problem (Eqs. 2.1 through 2.7) for the simplified case of a
wedge-shaped fusion interface at fixed temperature Tf starting from the contact line. The
fusion interface As is set equal to XtanOw, where Ow is the angle of the wedge measured
from the horizontal (see Figure 2.4). We solve for the temperature field $ and calculate
the heat flux Q. Our purpose is to study the behavior of the solution, and in particular the
heat flux near X=O, as a function of the wedge angle.
20
AX
ax ax
$=0
Figure 2.4: Wedge domain and boundary conditions
The equations were solved numerically using a commercial Finite Element
Method package, as explained in Appendix A. The results showed that, as expected, the
solution is singular in the heat flux at X=0*. Our purpose was to establish the nature of
this singularity by using a judicious mesh refinement in the region around the origin.
Such refinement was available in the automated mesh generator present in the
commercial package.
To minimize the computational effort, the upstream length of the domain was
chosen smaller than the downstream length, taking advantage of the skewed shape of the
convective thermal profile. In non-dimensional units, the upstream length was 3, the
downstream length was 10 and the length of the domain in a direction perpendicular to
the flow (in the Y direction) was also 10. Figure 2.5 shows a typical meshed domain with
an angle Ow=x/6 and Figure 2.6 shows the corresponding temperature field in terms of
isotherms. Heat is transferred from the hot fusion interface into the cold region below,
while being convected downstream (to the right). The thermal field diffuses upstream of
the contact line to a dimensionless distance of about 1. The far field boundaries were
positioned appropriately distant from the contact line to ensure that the domain size was
effectively equivalent to infinity (Appendix C describes how the domain size was
determined).
21
Figure 2.5: Typical unstructured mesh for a wedge domain wit Ow=7z/ 6
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(2D) I IS Nov 1998|
Figure 2.6: Temperature field for the mesh of Figure 2.5
The heat flux Q, which is what we are interested in, was obtained with internal
functions of the commercial package used (details appear in Appendix A and Appendix
B) and represents the heat flux .V$ at the mid-side point of each element on the
boundary. In Figure 2.7 the heat flux Q is plotted versus the downstream coordinate X,
for two values of the wedge angle Ow. The heat flux becomes singular at the origin and
larger wedge angles are characterized by stronger singularities (i.e. larger values of the
heat flux).
23
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2 0.9375
0.875
0.8125
0.75
0 0.6875
0.625
0.5625
-2 0.4375
0.375
40.3125
0.25
-4 0.1875R:- 0.125
0.0625
-6
-8
-10 0 5 10X
Heat Flux for Wedge Domains
1 E+2
1 E+1
Q
1 E+Q
1 E-1
1 E-2
Eq. 2.15 with n(Ow) from Eq. 2.17
1E-4 1E-3 1E-2 1E-1 1E+O 1E+1
X
Figure 2.7: Normal heat flux as a function of downstream coordinate X, for different wedge angles Ow
The nature of our mathematical singularity is similar to the one found by
Anderson and Davis (1994) for the non-flowing version of our problem. That this should
be so is not unexpected, since the convective term in Eq. 2.1 is always negligible in
aX
the limit X--+O. The singularity arises because the boundary conditions, in their present
form, force the heat flux vector to take different directions as the origin is approached
from positive and negative X. At dimensionless radial distances from the origin A>O(1)
(A=X/cos0w is the distance along the fusion interface measured from the origin) the heat
flux begins to depart from the purely conductive power law of Anderson and Davis,
falling somewhat below it and taking on smaller values for steeper wedge angles. This
can be explained qualitatively by the convective term becoming more important at larger
distances from the contact line and carrying the isotherms downstream. As we are
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interested in the heat flux at small distances from the origin, we fit our data only for
distance A< 1, to the power law
Q=f (Ow)
or, in terms of the downstream coordinate X,
Q = f (OW) 
cos
Computations for 0 Ow in/3 gave the coefficient f(Ow) (see Figure 2.8) as
f(O) = 0.567 -0.177.0, -. 05. 0 OW < T3
(2.14)
(2.15)
(2.16)
The best-fit exponent n(Ow) is the same as that obtained analytically by Anderson and
Davis (1994) for their purely conductive problem,
n(Ow) = 1- 2+
2(Tc+ OW)
(2.17)
It is remarkable that, for the case where the wedge angle vanishes (Ow=O), the
1
coefficient f(Ow) is equal to -. This is the coefficient that Schiaffino and Sonin
(1997b) found analytically for their similarity laws at X>>1, but it applies all the way to
X-+0.
It is worth noting that, although the conduction-convection and conduction-only
cases show the same limiting behavior for A->O (same exponent n), a comparison of the
absolute values of the heat flux (i.e. the value of f(Ow)) is not appropriate. In the case
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with convection and for an infinite medium there is a characteristic physical length scale
a/U. In the purely conductive case, however, the characteristic length can only be
imposed by the domain size.
1.0-
0.8-
0.6-
f(Ow)
0.4-
0.2-
f(O,)=0.567-0.177.0 -0.05. 2
0.0I I
0 n/12 7/6
Ow [rad]
Figure 2.8: Pre-coefficient for the heat flux power law of Eq. 2.14 for
n/3n/4
wedge-shaped domain
2.3.2 Heat Transfer in a Truncated Wedge-Shaped Fusion Front
Here we repeat the study of Section 2.3.1, but for a domain that starts with a slope
tanOw and, after a certain length Xw, becomes horizontal (Figure 2.9). This shape is a
closer representation of the fusion interface in an actual spreading melt drop than the
infinite wedge, and introduces into the problem a characteristic length scale Xw.
26
YXw X
$=0~~ = 0 -
Figure 2.9: Truncated wedge domain and boundary conditions
The solution was again obtained with the FEM commercial package described in
Appendix A and all the calculations were done as in the previous section. Figure 2.10
shows a typical meshed domain with an angle Ow=r/6 and Figure 2.11 shows the
corresponding temperature field with the isothermal lines.
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(2D)l1 Nov 1998 1
0
-1
-2
-3
>- -4
-5
-6
-7
-8
-10 0 5 10
x
Figure 2. 10: Typical unstructured mesh for a truncated wedge domain truncated at X= 1 with Ow=it/6
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0.6875
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0.5625
0.5
-4 0.4375
0.375
0.3125
-5 0.25
0.1875
-6 0.1250.0625
-7
-8
-9
-10 0 5 10
X
Figure 2.11: Temperature field for the mesh of Figure 2.10
The heat flux Q at the fusion interface was obtained as before. In Figure 2.12 the
heat flux Q is plotted versus the downstream coordinate X, for values of the wedge length
Xw ranging from 0.1 to 10. Very close to the contact line the singularity has the same
power law behavior as in the infinite-wedge case. Moreover, it has the same power law
exponent n(Ow) and, at least for Xw>0.5, essentially the same coefficient f(Ow).
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Heat Flux for Truncated Wedge-Shaped Fusion Front
0
0 c4J
0 Eq. 2.15 with n(Ow)
from Eq. 2.17
[D] Infinite Wedge-Shaped Fusion Front
o Xw=O.1
+ Xw=0.5
A Xw=1.0
1 E-2
1 E-5
I I I I l 1 l1 i 1 1 1 1 1 111
1 E-4 1 E-3 1 E-2
X
1 E-1 1 E+O 1E+1
Figure 2.12: Normal heat flux Q as a function of downstream coordinate X for different values of Xw
We see that the singularity is not affected by the far-field shape of the domain, at
least if the dimensionless wedge length exceeds approximately 0.5.
We now proceed with the discussion of the real problem and possible "fixes" of
the singularity.
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Chapter 3
THE EFFECT OF THE TEMPERATURE / HEAT-FLUX RELATION AT THE
FUSION INTERFACE
The presence of the singularity in the heat flux is particularly damaging because it
prevents us from calculating the solidification front angle Os which, according to
Schiaffino and Sonin (1997a), determines the condition for the arrest of the contact line.
The arrest condition, in turn, affects the final shape of the deposit. The fact that the heat
flux is integrable is of no help, since we need its actual value at the contact line in order
to compute the angle of attack Os. In short, the standard continuum model seems to
contain all the necessary ingredients to describe the problem, but is in fact incapable of
providing a meaningful solution for the quantity which interest us the most.
In this chapter we discuss some relatively simple investigations of altered
boundary conditions near the contact line. First, we review Schiaffino and Sonin's
iterative calculations which (by matching theory with experimental data for a wax)
yielded an estimate of the "cut-off" region where the standard model fails. These
calculations provided no model for what actually happens inside the cut-off region. Inside
the cut-off region, the computed heat flux was inconsistent with the fusion interface
shape and the Stefan condition. Next, we try to satisfy the Stefan condition everywhere
on the fusion interface by postulating several different fusion interface shapes in the cut-
off region; these attempts prove to be problematic.
3.1 Computation of a Cut-Off Region
Schiaffino and Sonin (1997b) argued that there must be a physical mechanism
that limits the heat flux singularity at the contact line, and estimated the length scale at
which it must apply by computing the point where the continuum model must be cut off
in order to bring it into agreement with experiments. Letting Xco be this point and Aco be
Xco/cos0s (Figure 3.1), a fusion interface shape consistent with this assumption has a
constant slope of angle Os to Xco and a constant interface temperature $=1 at X>Xco.
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The Stefan condition, Eq. 2.9, applies outside the cut-off region. The cut-off point is
chosen such that the heat flux satisfies Eq. 2.9 for X>Xco.
Cut-off region with
constant slope
Aco
Os
Xco
Figure 3.1: Cut-off length for continuum theory
An estimation of the cut-off length for a given material (or material combination)
can be made if one has available an experimentally determined relationship between the
angle Os and the Stefan number S. Such a relationship has been obtained by Schiaffino
and Sonin (1997b) for a molten microcrystalline spreading on a solid of its own kind, and
is shown in Table 3.1 below.
Table 3.1: Os vs. S for Reed 6882 microcrystalline
wax (Schiaffino and Sonin, 1997b)
Os S
28 0.11
39 0.21
47 0.32
55 0.42
62 0.53
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Given Os =f(S), the cut-off length can be calculated with an iterative procedure as
follows:
1) Start with an assumed fusion interface shape
2) Compute for the temperature field $
3) Compute the heat flux Q
4) Update fusion front shape, so that for QS>sin~s (X <Xco),
As=Xtan~s
and for QS sinOs (X Xco)
Ai Ai-i + (Xi -X )* 1(S.Q) (3.1)
1(S.Qi)2
where Qi is the heat flux through the mid-side point of the side of the
triangular element, as shown in Figure 3.2.
5) Repeat from (2) until the fusion front converges to a given value.
Note that even for the converged solution the shape of the fusion interface inside
the cut-off region is inconsistent with the Stefan condition ("convergence" here denoting
that the Stefan condition is satisfied, and 0=1, outside the cut-off region.)
All the calculations that follow are based on the assumption that Os and S are
related as defined in Table 3.1. This relation applies to the microcrystalline wax
investigated by Schiaffino and Sonin (1997b).
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Figure 3.2: Heat flux through mid-side of a triangular element
Figure 3.3 shows a typical meshed domain with angle of attack Os= 3 90 and target
subcooling S=0.21 and Figure 3.4 shows the solution for this same meshed domain. As
for the heat transfer calculations on the wedge domains in Chapter 2, we chose an
upstream boundary length (in this case equal to 3 non-dimensional units) shorter than the
downstream length (here equal to 10). The shape of the fusion interface was established
after 6 iterations, according to the procedure outlined above. In this case, the non-
dimensional cut-off length was found to be Xco=0.020 2 .
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Figure 3.3: Typical mesh for a domain whose shape has been computed by successive iterations
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Figure 3.4: Temperature profile for the problem meshed in Figure 3.3
In Figure 3.5, we plot the thickness of the frozen layer As versus the downstream
coordinate X, as obtained from the numerical simulations for five different combinations
shown in Table 3.1, based on the experiments conducted by Sonin and Schiaffino for
microcrystalline wax. When the value of S increases, the thickness As becomes larger as
well. In addition, over the range of target subcooling typical of the experiments (say
S<1), the thickness of the layer is always quite small (note the difference between the
horizontal and vertical scale of Figure 3.5). This is consistent with the experimental
observations during spreading.
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Figure 3.5: Thickness of the frozen layer against downstream coordinate X for different target subcooling S
Table 3.2 and Figure 3.6 show the computed cut-off lengths for microcrystalline
wax for different subcooling values. For all cases the cut-off distances are in the sub-
micron range but significantly larger than typical molecular length scales. This means
that the cut-off lengths can not be justified on the basis, for example, of slip at the
molecular scale.
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Table 3.2: Stefan Number vs. Cut-Off Length
S Aco xco
C(Tf-Tt)/L Xco U/Ax [im]
(microcrystalline wax)
0.11 1.7 10-2 7.7 10-7
0.21 2.6 10-2 3.0 10-7
0.32 4.0 10~2 2.2 10-7
0.42 4.9 10-2 1.8 10~7
0.53 6.0 10~2 1.7 10~7
ACO VS. S
X
x
XC
x
X
1.0
S
Figure 3.6: Stefan number vs. non-dimensional cut-off length
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This estimate of a cut-off length can of course be criticized because it is not based
on a physical model of what happens near the contact line. One could question, for
example, the assumption of a sharp angle at the contact line, or the assumption of a
melting interface at constant temperature. Is not clear, however, what modifications to the
boundary conditions are appropriate on physical grounds. Nor is it clear what types of
mathematical modifications will limit the heat flux singularity. For example, the
introduction of a radius of curvature at the contact line smoothes the shape of the domain,
but does not remove the singularity (see Figure 2.7). Similarly, allowing for a
temperature "slip" along the fusion interface, possibly justified on the basis of local
undercooling of the liquid phase, weakens the singularity but does not remove it.
In the next section we explore some modifications in the boundary conditions and
domain shape near the contact line. We do not expect to achieve a final solution for our
problem, but we hope to shed some light on the effects of such modifications and check
which are the most promising ones.
3.2 Modifications in the Conventional Boundary Conditions at the Cut-Off Region
Schiaffino and Sonin's computations ignored what actually happens in the cut-off
region and assumed a wedge shape for this region, which is inconsistent with the Stefan
condition (Eq. 2.9), or, alternatively, a heat flux which is inconsistent with the thermal
problem in that region.
Our attempt here is to consider different boundary conditions just for the cut-off
region, keeping the same boundary condition ($ = 1) for downstream coordinates greater
than Xco, so that we have a shape consistent with the heat flux in this region.
For these cases we first ran Schiaffino and Sonin's computations (referred to
hereinafter as the "wedge-shaped cut-off case") until the shape of the fusion interface
converged for a given value (here taken as 1%). With the cut-off length Xco determined
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from these computations, we could then run one more iteration for three different shapes
and heat flux boundary conditions for the cut-off region.
3.2.1 Fusion Front with Wedge-Shaped Leading Edge and Constant Heat Flux
First, we consider the same wedge-shaped cut-off region (a constant slope region)
as the one in Schiaffino and Sonin's computations, but with a constant heat flux normal to
the fusion interface. The value of the heat flux in this region is set to a value consistent
with the slope and the Stefan condition, that is,
sin 6
S , at O<X<Xco and 
Y=As(X) (3.2)
The fusion front temperature at X<Xco is unspecified, and equal to unity at X>Xco.
Figure 3.7 shows the domain and the boundary conditions. For the first iteration,
we use the fusion interface shape obtained from the wedge-shaped cut-off case. The
complete results shown in Figure 3.8 show that the singularity is moved from the contact
line to the cut-off point. This prevents us from performing succeeding iterations.
Y
Os
0 = sinOs/S $= 1
DY
X
0 _ 0 =0
$ = 0
Figure 3.7: Computational domain and boundary conditions for constant heat flux
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3.2.2 Arc-Shaped Fusion Front with 0=0 at X=0 and O=Os at X=Xco
Next, we consider a circular cut-off region with zero slope at the contact line
(X=O) and a slope equal to Os at the cut-off point (X=Xco), in order for us to have zero
heat flux at the contact line. Furthermore, we assume that the Stefan condition between
the fusion interface and solid and the heat flux is satisfied at all points, including those at
X<Xco. This way the heat flux would be continuous at X-+0' and at X->O~ (at a value
equal to zero).
For this case we know from geometry that, at any point within the "cut-off
region",
sinO = X/R*,
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where R* is the radius of the circular shape.
Since we want the heat flux and shape to be consistent with the Stefan condition
Q=sinOs/S at X=Xco
it follows that
R* = Xco/ sin~s (3.3)
Thus, as in Section 3.2.1, we run the wedge-shaped cut-off case until the fusion
front converges and obtain the cut-off distance Xco. With the cut-off distance
determined, we compute R* and then run one more iteration with the circular shape for
the cut-off region and the boundary condition
Q = X/RS, at O<X<Xco and Y=As(X) (3.4)
where
As (X)= R* -4R. -X2 at O<X ;Xco
and for downstream coordinates greater than Xco we use the shape of the fusion interface
obtained from the wedge-shaped cut-off case.
Figure 3.9 shows the domain and boundary conditions for this case. Again, the
complete results shown in Figure 3.8 show that the singularity is moved from the contact
line to the cut-off point, which prevents us from performing succeeding iterations.
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x=0
ax
$= 0
Figure 3.9: Computational domain and boundary conditions for arc-shaped fusion interface
3.2.3 Third Degree Polynomial
Now we look for a function Q(X) at the cut-off region that has Q=O at X=O and
Q=sin~s/S at X=Xco, and - =0 at both X=O and X=Xco, so that both the first and
ax
second derivatives of the dimentionless temperature $ are continuous at the fusion
interface as X-+O~ and X-+O* and as X-+Xco and X-+Xco-
A shape for Q(X) that gives us this kind of behaviour is a third degree
polynomial, such that
sins jQ(X) = S( 3.X
2  2.X 3
2 CO 3
Xo )FX
Once more, after we obtain the distance Xco from the wedge-shaped cut-off case,
we can determine Q(X) in the cut-off region with Eq. 3.5. With the knowledge of Q(X)
we run one more iteration with the shape of the cut-off region determined from
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(3.5)
(3.6)
where
Q = Q Xi Xi-1 I2 for X<Xco
is the heat flux through the mid-side point of the side of the triangular element, as shown
in Section 3.1, and for downstream coordinates greater than Xco we again use the shape
of the fusion interface obtained from the wedge-shaped cut-off case.
Figure 3.10 shows the domain with the boundary conditions for this case, and one
more time the complete results shown in Figure 3.8 show that the singularity is moved
from the contact line to the cut-off point, which again prevents us from performing
succeeding iterations.
X
=0
aX
Figure 3.10: Computational domain and boundary conditions for third degree polynomial case
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Ai = Ai_, + (Xi - Xi- )* SQ
_J1-(S.Qi)2
Table 3.3: Summary of the Cases Considered
Wedge-
Shaped Cut-
Off Region
(Inconsistent
with Stefan
Condition)
Constant
Heat Flux in
Cut-Off
Region
(Consistent
with Stefan
Condition)
1) Os and S are defined from experiments
2) Cut-off distance Xco is obtained from wedge-shaped cut-off case
3) Start with the fusion interface shape from the wedge-shaped cut-off
case
4) Compute solution $ and heat flux Q through fusion interface with
boundary conditions
Q sin OS at O X<Xco and Y=As(X)
S
and
$=1 at X>Xco and Y=A(X)
5) Fusion interface shape can not be updated because singularity
appears at the cut-off point
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1) Os and S are defined from experiments.
2) Start with an assumed flat shape for the fusion interface.
3) Compute solution $ and heat flux Q through fusion interface with
boundary condition $=1 at the fusion front.
4) Find Xco so that
sin 0SQ = s at X=Xco.S
5) Update fusion interface geometry so that
As(X)=Xtan~s for X<Xco
and
As(X) is consistent with the Stefan condition for X Xco.
6) Repeat from (3) until the shape of the fusion interface converges to a
given value.
Arc Shaped
for Fusion
Interface in
Cut-Off
Region
(Consistent
with Stefan
Condition)
1)
2)
3)
Os and S are defined from experiments
Cut-off distance Xco is obtained from wedge-shaped cut-off case
Start with circular shape for the fusion interface, with radius R*
defined as
R* = co at X<Xco
sin Os
and the fusion front shape from wedge-shaped case for X Xco
4) Compute solution $ and heat flux Q through fusion interface with
boundary conditions
XQ = , at X<Xco and Y=As(X)R*S
and
$=1 at X Xco and Y=As(X)
5) Fusion interface shape can not be updated because singularity
appears at the cut-off point
Third Degree
Polynomial
Heat Flux in
Cut-Off
Region
(Consistent
with Stefan
Condition)
1) Os and S are defined from experiments
2) Cut-off distance Xco is obtained from wedge-shaped cut-off case
3) Determine Q(X) for the cut-off region from
sin Os 3X2 2X3
4) Start with shape for the fusion interface consistent with the Stefan
condition and Q(X) for X<Xco and the fusion front shape from
wedge-shaped case for X Xco
5) Compute solution $ and heat flux Q through fusion interface with
boundary conditions
Q=Q(X) at X<Xco and Y=As(X)
and
$=1 at X>Xco and Y=As(X)
6) Fusion interface shape can not be updated because singularity
appears at the cut-off point
46
I
I
3.2.4 Results
The typical results for the cases investigated in this chapter (and outlined in Table
3.3) show that such modifications in the boundary conditions did not remove our
mathematical singularity; as seen in Figure 3.8, they just moved it from the contact line to
the cut-off position. The boundary conditions applied before and after the cut-off point
(heat flux and constant temperature, respectively) are not compatible. Each of them
forces the solution < to different values, causing the singularity at the cut-off point.
These results suggest that singularity-free models for the boundary condition at
the fusion interface are continuous, that is, the same model equation applies along the
entire fusion interface, from the contact line to the far regions, and no discontinuity in
heat flux appears at the contact line. This is of course also expected on physical grounds.
The next two chapters investigate some relatively simple continuous boundary
condition models.
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Chapter 4
HEAT TRANSFER COEFFICIENT
As shown in the previous chapter, applying different boundary conditions only in
the cut-off region simply moved the singularity from the contact line to the cut-off point.
This happens because of the incompatibility between the boundary conditions applied
upstream and downstream the cut-off point.
We therefore propose a single continuous boundary condition for the entire melt
interface, which should eliminate the singularity. Since we do not know the heat flux
through the fusion front a priori, we write the boundary condition for the fusion front as
Q = ii.V$ = B(X)(1- $) at X O and Y=As(X) (4.1)
where B(X) acts as a dimensionless heat transfer coefficient that depends on X. If
B(X)>>1, $=1 and we recover the constant-temperature ($=1) fusion interface. If B(X) is
not large, the value of $ will fall below unity at the interface; that is, the melt will be
undercooled. In what follows we assume, however, that the Stefan condition (Eq. 2.9)
applies.
Our goal is to find a function B(X) such that the singularity is eliminated and that
the value of $ at the interface approaches unity at a distance of the previously established
cut-off length. Moreover, we would also like that the heat flux start at zero at the contact
line (although it is not essential), so that we have continuity of both first and second
derivatives for our solution. With these goals in mind, we try the function
B(X)= exp - 1 (4.2)
(XO)
48
where X0 is a parameter chosen such that the heat flux Q at the fusion front grows (at
least approximately) to s at a point close to the expected cut-off length, and then at
S
larger X converges to a solution consistent with $=1. These properties will cause the
fusion front shape to begin with zero slope at the contact line, grow to tan0s and decrease
again at large X (Figure 4.1 shows a sketch of the contact line region). The length X0 may
be treated as an empirical property of the material. We observe that the quantity Os - the
local maximum interface slope - controls the liquid contact angle, while the slope at the
contact line is zero.
liquid
solid
Figure 4.1: Shape of the fusion interface, starting with zero slope
Figure 4.2 shows computations of Q(X) for various values of the parameter Xo in
Eq. 4.2, all for constant S and Os (the relation between the two being taken from Table
3.1; that is, Os=85Sm2 degrees as in the experiments of Schiaffino and Sonin with
microcrystalline wax). Figure 4.3 shows a typical result of a converged solution for a
different S and Os. Table 4.1 and Figure 4.4 show the values of Xo as a function of target
subcooling S.
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Figure 4.2: Effect of Xo in the heat flux normal to the fusion interface
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The results in Figure 4.3 at large X are in good agreement with the computation of
Schiaffino and Sonin and the heat flux is indeed limited in a region of the same scale of
the cut-off length. We found, however, that the convergence of the iterative procedure
was very sensitive to the right choice of the parameter X0. The result shown in Figure 4.3
took 75 iterations to converge, and would not converge at all for values of X0 that
differed by very small percentages (approximately 3%). We believe this to be because the
shape for B(X) was chosen arbitrarily. More study of the physics of what happens on the
liquid side may help in choosing the right shape for B(X), bringing better stability for the
iterative procedure.
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Figure 4.3: Heat flux for dimensionless heat transfer coefficient case
Table 4.1: Stefan Number vs. Xo
S Xo
0.11 0.0077447
0.21 0.015371
0.32 0.021615
0.42 0.024156
0.53 0.028716
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Figure 4.4: X0 as a function of target subcooling S
We note that this model implies that the melt is undercooled at the fusion
interface, and it might be possible that, with undercooling, the heat flux qi from the liquid
side into the solidification front is not negligible in the Stefan condition (as we have
assumed in these calculations). Figure 4.5 and Table 4.2 show the undercooling at the
contact line as a function of target subcooling S.
Table 4.2: Undercooling at the contact line
S $ 1-4 T (C) Tf-T (C)
0.11 0.767 0.233 87.78 2.22
0.21 0.689 0.311 84.10 5.90
0.32 0.640 0.360 79.37 10.63
0.42 0.613 0.387 74.92 15.08
0.53 0.581 0.419 69.24 20.76
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Figure 4.5: Undercooling at the contact line as a function of target subcooling S
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Chapter 5
RESISTIVE LAYER
Poulikakos et al (1996 and 1998) found that, for the solidification of 63%Sn-
37%Pb solder droplet on a two layer composite substrate, with the top layer composed by
Nickel with a thickness of 2pm, and the bottom layer consisting of Silicon (212gm
thick), the numerical simulations for bulk drop solidification give better agreement with
experimental results if a contact resistance is assumed to exist between the droplet and
the substrate. Moreover, they infer from their comparisons that the thermal contact
resistance should have different values depending on whether the contact is between the
liquid or solid phases, with the liquid phase resistance being twenty times higher than the
solid phase resistance. Their simulations may be viewed as indicative of practical
situations where the substrate surface is partially oxidized, since the presence of an oxide
increases the thermal contact resistance.
For the wax droplet studied by Schiaffino and Sonin, the appearance of oxides is
not a possibility. Nevertheless, we will investigate the effect of a resistive layer near the
contact line since it is a mechanism that can limit the heat flux in this region. Our
objective here is to study what kind of resistance could limit the heat flux near the contact
line sufficiently to avoid the singularity. With results in hand, we could then look for
materials with such properties, and see if the resistive layer is, in fact, a feasible idea.
For the numerical simulations we use the dimensionless variables
#= ' , T X =x , Y= (5.1)
where a is the diffusivity of the melt/target material.
However, the magnitude of a will vary in the computational domain, being
different from that of the melt/target material in a thin thermal resistive layer near the
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original target surface, as described below. In dimensionless terms, the energy equation
thus takes the form
V.(fV$) = (5.2)
with f= 1 in the melt/target part of the domain and
f = a CR (5.3)
in the resistive part, where CCR is the thermal diffusivity of the resistive layer.
The dimensionless heat flux ii.V$ was assumed to be continuous at the boundary
between the melt/target material and the resistive layer. The correct boundary condition
requires that the dimensional heat flux -kVT be continuous. Our boundary condition is
based on the assumption that the value of the product pC of the density and specific heat
varies rather little from material to material, even if the conductivity varies over several
orders of magnitude (see the discussion below). To make matters simple in this
exploratory study, we therefore assume that pC is the same in the resistive layer as in the
melt/target material.
Figure 5.1 shows our meshed domain with the presence of a resistive layer at
O XICR and -hCR Y O, where ICR and hCR are the length and thickness of the resistive
layer respectively. hCR is chosen to be 5x10-3 in non-dimensional terms. In dimensional
terms it corresponds to values in the order of 200x10-9m, which is roughly in accord with
the height of an oxide layer, if such a layer were to exist. The length lCR of the resistive
layer is chosen so as to make the heat flux normal to the fusion front grow (at least
sin an
approximately) to sat a distance of the order of the expected cut-off length, andS
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then decrease with X and approach the fixed-temperature solution. This causes the fusion
front's slope to reach tan0s and then decline.
Figure 5.1: Meshed domain with a resistive layer
Figure 5.2 shows the effect of the parameter ICR on the computed heat flux, for a
case where the resistive layer begins at the contact line and the ratio Cstarts at zero at
the contact line (X=O) and grows linearly to unity at X=lCR.
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Figure 5.2: Effect of the resistive layer length on the heat flux normal to the fusion interface
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We considered two cases, both with boundary condition <=1 at the fusion front.
As we mentioned earlier above, our calculation assumes that the product pC is the same
for both the melt/target material and the resistive layer. This means that the ratio of
thermal diffusivities is actually governed by their ratio of thermal conductivities. In Table
5.1 one can see that the thermal conductivity k varies over a large range (10-2 to 102)
while the product pC is relatively invariant (105 to 106, except for air).
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Table 5.1: Properties for various materials
Mercury (Hg) 1.40E+04 1.40E+02 8.40E+00 4.29E-06 1.96E+06
Tin (Sn) 7.30E+03 2.30E+02 6.60E+01 3.93E-05 1.68E+06
Tin 60-Lead4O 8.50E+03 1.80E+02 5.OOE+01 3.27E-05 1.53E+06
Water (H20) 1.00E+03 4.20E+03 6.OOE-01 1.43E-07 4.20E+06
Plexiglas 1.20E+03 1.30E+03 1.50E-01 9.62E-08 1.56E+06
Microcrystalline 9.30E+02 2. 1OE+03 1.20E-01 6.14E-08 1.95E+06
Wax
1.67E+061.70E+03Candellila Wax 9.80E+02
Aluminum Oxide 5.OOE+02 7.78E+02 4.18E-02 1.08E-07 3.89E+05
Calcium Oxide 1.70E+03 7.53E+02 3.18E-01 2.48E-07 1.28E+06
Cobalt-Nickel 6.50E+03 7.53E+02 3.60E+00 7.35E-07 4.89E+06
Oxide _________
Lead Oxide 8.OOE+03 2.05E+02 2.93E+00 1.79E-06 1.64E+06
Oxides Nickel-Cobalt 6.50E+03 7.53E+02 3.60E+00 7.35E-07 4.89E+06
Oxide ______ _ _ _ ____
Nickel Oxide 5.OOE+03 6.03E+02 9.83E+00 3.26E-06 3.02E+06
Silicon Oxide 1.60E+02 7.45E+02 5.52E-02 4.63E-07 1.19E+05
Tin Oxide 5.56E+03 3.43E+02 3.14E+O1 1.64E-05 1.91E+06
Material Solder 8.50E+03 1.97E+02 5.02E+01 3.01E-05 1.67E+06
used by Nickel 8.90E+03 4.44E+02 8.79E+01 2.23E-05 3.95E+06
Poulikakos
et al Silicon 2.33E+03 7.03E+02 1.26E+02 7.66E-05 1.64E+06
Neoprene 1.25E+03 1.93E+03 1.90E-01 7.88E-08 2.41E+06
Brick Insulating 3.OOE+02 7.74E+02 8.37E-02 3.60E-07 2.32E+05
nsuating Mica Powder 3.30E+02 8.37E+02 1.21E-01 4.39E-07 2.76E+05
oVericulite 2.70E+02 8.37E+02 1.21E-01 5.37E-07 2.26E+05Powder 1.6+010E0 2E0 1 -5 . +
air (260K) I1.36E+00 I1.01E+031 2.42E-02 I1.76E-05 I1.37E+03
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1.70E-01 1.02E-07
Materials
used by
Schiaffino
and Sonin
5.1 Resistive Layer Beginning at the Contact Line and Ending at X=lCR
Consider first the case where the resistive layer appears at the contact line and
decreases in magnitude as X increases. We model this case with a linear variation for the
diffusivities ratio in Eq. 5.3, from a given value fo at the contact line, to unity at the
end of the resistive layer length, that is,
f(X )=fo +(1- fo) x (5.5)
'CR
This means that the resistive layer starts at a high value at the contact line and decreases
progressively with X, blending with the melt/target material after a certain length ICR-
=V.(f(X)V$) . $ 2....
aX
aX
<_ ICR >
Figure 5.3: Resistive layer beginning at the contact line
For this case we see from Figure 5.4 that the solution converges very well at large
X with the case that Schiaffino and Sonin considered, and the heat flux is limited in the
cut-off region by the appearance of the resistive layer. Figure 5.5 and Table 5.2 show the
values of ICR as a function of target subcooling S (see above for how lCR was chosen).
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Figure 5.4: Heat flux for resistive layer
1E-3 X 1E-2 1E-1 1E+O 1E+1
case, for Os=390 and S=0.21. The solid lines are hand extrapolations
of the solution
Table 5.2: Stefan Number vs. Length of Resistive
Layer beginning at the contact line
S lCR
0.11 0.065
0.21 0.25
0.32 0.64
0.42 1.05
0.53 1.83
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Figure 5.5: 1CR as a function of target subcooling S for resistive layer beginning at the contact line
However, depending of the value of the parameter fo, the heat flux singularity
returns at small X. A study was done on what values of fo would prevent the singularity
from appearing before a length of molecular scale. From graphs for heat flux like the one
shown in Figure 5.4, we extrapolate our results to check (at least qualitatively) which
values of fo would prevent the singularity from appearing (for a given Stefan number S)
at X greater than a "molecular" value. Figure 5.6 and Table 5.3 show the results of this
study. If we choose any value forfo below the curve in Figure 5.6, the singularity will not
appear before a length of molecular scale, where we considered two values for the
molecular scale: 10-9m and 10-10m.
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Figure 5.6: Study offo values for resistive layer beginning at the contact line
Table 5.3: Stefan Number vs.fo necessary to avoid the
singularity from appearing
S xmoiecuia=10 9 m Xmoiecular 10- 1m
0.11 2.OOE-2 6.67E-3
0.21 1.67E-2 6.25E-3
0.32 1.25E-2 5.56E-3
0.42 1.11E-2 5.OOE-3
0.53 9.09E-3 4.76E-3
The problem is that we know of no material that could give these values offo for a
microcrystalline wax. In other words, certain resistances may remove the singularity
mathematically, but the required resistances are physically unrealistic. Table 5.1 shows
values of thermal diffusivity for various materials (including some insulation materials!),
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and Table 5.4 shows the ratios of thermal diffusivities for the microcrystalline wax and
also for the materials used by Poulikakos et al. We see that for metals we can have values
offo of the required order of magnitude, but not for the microcrystalline wax.
Table 5.4: Diffusivity Ratios
Aluminum Oxide 1.76E+00 3.59E-03 4.85E-03 1.41E-03
Calcium Oxide 4.04E+00 8.25E-03 1.1 lE-02 3.24E-03
Cobalt-Nickel Oxide 1.20E+01 2.45E-02 3.30E-02 9.60E-03
Oxides Lead Oxide 2.92E+01 5.96E-02 8.04E-02 2.34E-02
Nickel-Cobalt Oxide 1.20E+01 2.45E-02 3.30E-02 9.60E-03
Nickel Oxide 5.3 1E+01 1.08E-01 1.46E-01 4.26E-02
Silicon Oxide 7.54E+00 1.54E-02 2.08E-02 6.04E-03
Tin Oxide 2.67E+02 5.46E-01 7.37E-01 2.14E-01
Neoprene 1.28E+00 2.62E-03 3.54E-03 1.03E-03
Insulating Brick Insulating 5.86E+00 1.20E-02 1.62E-02 4.70E-03
Materials Mica Powder 7.15E+00 1.46E-02 1.97E-02 5.73E-03
Vermiculite Powder 8.75E+00 1.79E-02 2.41E-02 7.01E-03
Materia (26 2.87E+02 5.86 1 7
air (260K) 2.87E+02 I5.86E-01 7.9 1lE-0OI 2.30E-0'l
5.2 Resistive Layer Beginning Before the Contact Line at X=-lCR and Ending at
X=lCR
Next consider the case where the resistive layer appears before the contact line
and has a constant magnitude. We model this case with a constant value f0 for the
diffusivities ratio ScR in Eq. 5.3. The resistive region has the same length before and
after the contact line, so that the parameter ICR actually refers to one half of the length.
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Figure 5.7: Resistive layer beginning before the contact line
As for the case in Section 5.1, at large X the solution again approaches Schiaffino
and Sonin's solution and again the heat flux is limited in the resistive region. But this case
has the advantage of having a constant value of cCR , which is perhaps more realistic.
Figure 5.8 and Table 5.5 show the values of ICR as a function of S for this case. The
correct value of ICR is that value which yields a maximum near-contact-line fusion front
slope equal to Os=f(S); in these calculations, the latter relation is taken from Table 3.1.
Table 5.5: Stefan Number vs. Length of Resistive Layer
beginning before the contact line
S lCR
0.11 0.0116
0.21 0.023
0.32 0.0365
0.42 0.0454
0.53 0.065
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Figure 5.8: ICR as a function of target subcooling S for resistive layer beginning before the contact line
As in Section 5.1 we investigated which values of fo would prevent the singularity
from appearing at distances X greater than the molecular scale. We found that, for a
particular value of fo, the singularity will appear rapidly, but for any value greater than
this, the singularity will not appear at all, as seen in the typical result shown in Figure 5.9.
Figure 5.10 and Table 5.6 show the results of this study. If we choose any value for fo
below the curve in Figure 5.10, the singularity will not appear before a length of
molecular scale.
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Figure 5.9: Results for a resistive layer beginning before the contact line. Os= 4 7 ', S=0.32
Table 5.6: Stefan Number vs.fo necessary to avoid the
singularity from appearing
S fo
0.11 2.44E-1
0.21 1.04E-1
0.32 5.35E-2
0.42 3.08E-2
0.53 2.OOE-2
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of fo values for resistive layer beginning before the contact line
But we again have the same problem as in Section 5.1. As seen in Table 5.4, we
know of no material (not even an insulating material) that would give us this values forfo.
Our resistive layer approach "works" numerically, but has no physical basis.
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0.6
Chapter 6
CONCLUSION
Schiaffino and Sonin have developed a scientific basis for one of the key
processes in the drop-on-demand microfabrication method proposed by Gao and Sonin.
They proposed an arrest mechanism of the advancing molten contact line of a molten
droplet which, in principle, determines the shape of the fusion interface at the moment of
arrest, and thus the shape of the solid building block in the fabrication process. Their
continuum theory was, however, incomplete since the formulation contains a
mathematical heat flux singularity which prevents one from computing the fusion front
angle at the contact line. In this thesis we have proposed modifications in the basic
continuum theory which would eliminate the singularity, and checked them via
computations based on the Finite Elements Method. A summary of the various modeling
approaches and computations is given in Appendix D.
First, we studied the nature of the singularity for shapes that simulate the fusion
interface, but without taking into consideration the energy balance equation at the
solid/liquid interface. These studies demonstrated that the singularity near the contact line
is basically independent of the far field shape of the computational domain, implying that
it will also appear for the real case of a melt solidifying over a target of its own kind.
Next, following Schiaffino and Sonin, we investigated the characteristic length at
which some (as yet unknown) physical mechanism limits the heat flux singularity, and
determined the cut-off distance that brings their continuum theory into agreement with
experiments. For all cases, the cut-off distances were in the sub-pm range. Such a scale is
small, but much larger than typical molecular length scales. This means that the cut-off
length cannot be justified on the basis of, for example, thermal slip at the molecular scale.
We then looked for modifications in the mathematical model that could simulate
such mechanisms. We began by applying different boundary conditions in a cut-off
region only, maintaining the fusion temperature boundary condition for the rest of the
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fusion interface. Such boundary conditions do not, however, remove the singularity; they
just move it from the contact line to the cut-off point, since we are trying to impose two
boundary conditions (before and after the cut-off point) that force the solution $ to
different directions on each side of the cut-off point. This shows that we need a single
continuous boundary condition for the whole fusion interface.
We next applied a nonuniform heat transfer coefficient at the fusion interface, one
which starts at a small magnitude at the contact line and increases rapidly with the
downstream coordinate X to the point where it implies that the interface temperature
approaches the fusion temperature, Tf. This model limits the singularity in a distance of
the same length scale as the previously calculated cut-off length, and brings the
dimensionless temperature at the fusion interface to unity at large X. However, it implies
some significant undercooling at the fusion front near the contact line. The model can be
made to agree with Schiaffino and Sonin's data, but is very unstable computationally. We
believe this is due to the fact that our heat transfer coefficient equation was chosen with
no physical basis; further studies are needed to determine the form of the equation for the
boundary.
Next, following the conjecture of Poulikakos et al that a resistive layer must exist
between a solder droplet and the target on which it solidifies, we tried introducing in our
mathematical model a resistive layer between the melt and the target, keeping the fusion
interface at the material fusion temperature as boundary condition. We studied what
properties of the resistive layer could limit the heat flux singularity within a distance
smaller than the molecular scale. This study showed, however, that although certain
resistances may remove the singularity mathematically, we know of no material that
could provide the required resistances.
This exploration has not achieved a complete resolution for our singularity
problem, but it does demonstrate how modifications can be implemented in the
continuum theory developed by Schiaffino and Sonin.
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NOMENCLATURE
Cp specific heat
Cpo reference specific heat for variable material properties
fo initial value for the resistive layer thermal diffusivity
k thermal conductivity
ICR length of the resistive layer, measured from the contact line
L latent heat of fusion
ii unit normal
qi heat flux from the liquid phase into the fusion interface
qs heat flux from the fusion interface into the solid phase
Q non-dimensional heat flux
R* radius of the circular shape for the cut-off region
S Stefan number for constant material properties
So Stefan number based on Cpo for variable material properties
T temperature
Tf fusion temperature
Tt target temperature
U contact line speed
x linear coordinate
X non-dimensional x coordinate
Xco non-dimensional cut-off distance in the upstream coordinate
Xo parameter for heat transfer coefficient boundary condition
y linear coordinate
Y non-dimensional y coordinate
Greek Symbols
a thermal diffusivity
o thermal diffusivity based on Cpo for variable material properties
cXdroplet thermal diffusivity of the droplet material
aCR thermal diffusivity of the resistive layer material
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8 thickness of the solidification front
As elevation of the fusion front interface
<p dimensionless temperature
Aco non-dimensional cut-off distance measured from the contact line, along the
solidification front
Oa apparent contact angle
Os angle of attack of the solidification front at the contact line
p density
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Appendix A
FINITE ELEMENTS METHOD
For the solution of the numerical procedure described in Chapter 2, it was decided
for the commercial package PDE (Partial Differential Equations), a Toolbox for Matlab.
This package gives a great flexibility for applying the different boundary conditions, as
well as it can be used in virtually any operating system (Microsoft Windows, Mac OS,
and many flavors of Unix).
The package permits that, with simple changes on the code file, different
boundary conditions be applied (Neumman, Dirichlet or Robin). Also, it permits instant
visualization of the results through its plotting subroutines and easy storage of the results
in ASCII files, that can be used for further plotting and analysis in different commercial
packages.
The PDE Toolbox uses the Finite Element Method for the solution of the partial
differential equation. It is very flexible in the way it lets us define the PDE specifications
and boundary conditions, having also its own automated adaptive unstructured mesh
generator, so that it automatically refines the mesh around the singularity. This way we
can concentrate our efforts in the theoretical part of our problem, leaving the FEM
implementation in the hands of the software..
The PDE Toolbox for Matlab consists in a Graphical User Interface (GUI) and a
series of command line functions.
For fixed regular geometry (rectangles, circles or polygons) one can use the GUI
to:
. Draw the geometry
. Determine the PDE parameters (material properties)
. Determine boundary conditions (Dirichlet, Neumann or Robin)
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. Initialize the domain mesh
. Solve the PDE
. Plot the solution and its derivatives (flux)
. Export the geometry description, boundary conditions, PDE
specification, mesh and solution data to the Matlab environment for
further analysis
If the domain has an irregular shape, or if the shape has to be updated through an
iterative procedure (as in our case), one has to use the Toolbox command line functions.
In both cases the PDE specification for the toolbox is given by
-V.cVu * a.u = f
where a, c and f can be functions of x, y, u, - and --
ax ay
So, for our problem
U =$, a=O, c=1 and f =-a
aX
The Boundary conditions can be Dirichlet, Neumann or Robin, and are defined by
the Toolbox as
(i) Dirichlet: h.u = r
For our problem:
. h=1 and r=1 in the fusion interface for the constant temperature case
. h=1 and r=O at X->-oo, Y50 and at Y->-oo for all cases
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(ii) Neumann or Robin: c -- +q.u = g
ani
with c determined in the PDE specification
For our problem:
. q=O and g=Q(X) in the cut-off region for the heat flux boundary
conditions
. q = g = B(X) in the fusion front for the heat transfer coefficient case
. q=g=O at X<O and Y=O and at Y.-oo for all cases
A summary of how the PDE Toolbox functions were used is given in the
following sections, and a detailed explanation of the iterative procedure code is given in
Appendix B.
A.1 Command Line Functions
Since our shape consists in an irregular shape, and also it has to be updated in an
iterative procedure, we had to use the PDE Toolbox command line functions for our
numerical procedure. Here we make a small description of each of the command line
functions that were used.
(i) g = DECSG(geometry)
Decomposes constructive solid geometry into minimal regions.
. "geometry" is the geometry description matrix that describes the domain
shape, with the fusion front shape determined by Eq. 2.14.
. "g" is the decomposed geometry matrix that contains a representation of the
minimal regions
g is an input for the mesh generator.
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(ii) [p,e,t] = INITMESH(g)
Builds an initial PDE triangular mesh.
. "g" is the decomposed geometry matrix, obtained with DECSG.
. "p" is the point matrix.
. "t" is the triangle matrix.
. "e" is the edge matrix
p, t and e are inputs for the PDE solver
(iii) [u]=PDENONLIN(b,p,e,t,c,a,f)
Solves the nonlinear PDE problem.
. "b" is the boundary conditions description matrix
. p, t and e are the triangle data, obtained from INITMESH
. c, a and f are the PDE specification data
. "u" is the matrix containing the PDE solution.
(iv) [sl,area]=PDETRIDI(p,t)
Calculates Side Length and Area of each triangle
. p and t are the triangle data obtained from INITMESH.
. "sl" is the matrix containing the length of the sides of each triangle in the
mesh.
. "area" is the matrix containing the area of each triangle in the mesh.
sl and area are inputs for the heat flux calculation
(v) H=PDENRMFL(p,t,u,area,sl);
Calculates the flux Q = fi.V$ through edges of triangles
. p and t are the triangle data obtained from INITMESH.
. u is the PDE solution, obtained from PDENONLIN.
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. sl and area are the length and area of each triangle in the mesh
. "H" contains the flux Q = .V< through the sides of each triangle in the mesh.
(vi) PDEPLOT(p,e,t,u)
Plots the solution for onscreen visualization
. p, t and e are the triangle data obtained from INITMESH.
. u is the PDE solution, obtained from PDENONLIN.
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Appendix B
MATLAB CODE FILES
Here we explain the Matlab Code for our iterative procedure. Comments are made
in the same font type as the rest of the thesis; the actual code is in font type "Courier
New". It is assumed here that one has sufficient knowledge of Matlab's programming
language, so that only the PDE Toolbox command line functions and the iterative
procedure are explained. For Matlab's commands one must refer to the Matlab User's
Manual.
The subroutines explained in Sections B.1 through B.4 are the ones used for the
same case ran by Schiaffino. In Sections B.5 we explain how these must be changed for
different boundary conditions.
B.1: Main Subroutine - drop.m
This is the main subroutine for the PDE solution. It controls the iterative
procedure and makes the calls for the PDE Toolbox command line functions that actually
solves the Partial Differential Equation. It also calls subroutines geom. m and bound . m,
which creates the geometry and boundary conditions input data respectively, and
heat.m, which calculates the heat flux through the fusion interface, our ultimate
objective.
function [q,xy,p,e,t,u,Xcut]=drop(Theta,Stefan,iterations,Maxt)
When one types [q,xy,p,e,t,u,Xcut]=drop(Theta,Stefan,iterations,Maxt) in the Matlab
workspace, the results returned are the heat flux through the fusion interface, the x-y
position of the nodes at the fusion interface, the mesh data, the solution < and the cut-off
distance Xco in the downstream coordinate.
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Sq is a matrix with the first column having the X coordinate of the mid-side point of
the triangles in the fusion interface, and second column containing the heat flux. It is
in ascending order of X.
. xy is a matrix with the first column having the X coordinate and the second column
the Y coordinate of the nodes in the fusion front. It is also in ascending order of X.
. p is a matrix containing the X and Y coordinates of all the nodes in the mesh.
. e is a matrix containing the description of all the edges of the triangles in the mesh.
The first and second rows contain indices of the edges starting and ending point
respectively.
. t is a matrix containing the description of all triangles in the mesh. The first three
rows contain indices to the triangle corner points, given in counter clockwise order.
. u is a vector containing the solution < of the Partial Differential Equation at each node
in the mesh.
. Xcut is a scalar that represents the cut-off distance in the downstream coordinate X.
The input data are the experimental data for each case, Os and Stefan Number, and the
iterative procedure controlling parameters, the maximum number of iterations to be
performed and the maximum number of triangles to be created by the automated mesh
generator. If the fusion front shape does not converge before the maximum number of
iterations the code stops and the partial results are returned.
%% PDE Coefficients
c=1. 0;
a=0;
f =str2mat (' (-1*ux)')
This section gives the PDE Coefficient, which were explained in Appendix A. They have
to be scalar, vectors, or character matrixes.
%% Damping of Iterations
dampi=0 .25;
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The purpose of the damping of iteration is only to obtain a faster convergence of the
iterative procedure.
%% Convert Theta to radians
Theta=Theta*pi/180;
Converts the input Os from degrees to radians.
%% Initialize variables
mainiter=O;
converged=O;
q=0;
xy=[ 0 0, 0 0];
Xcut=O;
%Mcut=10;
Initializes the variables used in the procedure, so that they can be passed to the following
subroutines in the first iteration, when they have not been assigned a value yet.
while (converged==O);
Beginning of the iterative procedure.
%% Make Geometry description matrix
[g, converged, xy, Xcut ]=geom(mainiter, q, xy, Theta, Stefan, dampi);
xyprev=xy;
Calls the subroutine geom. m that creates the geometry input data for the mesh generator.
The structure of geom. m is explained in Section B.2
%% Make Boundary Description matrix
[b) =bound (xy) ;
Calls the subroutine bound. m that creates the boundary conditions input data for the
mesh generator. The structure of bound . m is explained in Section B.3.
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%% Initialize mesh
[p,e,t]=initmesh(g,'Hgrad',1.2);
Calls the PDE Toolbox mesh generator.
%% Solve PDE with Mesh Refinement
if converged==0
[u,res]=pdenonlin(b,p,e,t,c,a,f,'Jacobian','full','UO',1,'MaxIter',
30, 'Norm' , Inf)
else
[u,p,e,t]=adaptmesh(g,b,c,a,f,'Mesh',p,e,t,'Maxt',Maxt,'Nonlin',
'on', 'Jac' ,'full', 'Init' ,1, 'Norm',Inf)
end;
Solves the Partial Differential Equation. For economy of computational effort, the
adaptive mesh generator is used only in the last iteration, when the shape of the fusion
interface has already converged. Then the mesh is automatically refined around the
singularity, until the maximum number of triangles defined by the user is obtained. The
mesh refinement for the preceding iterations is obtained during the definition of the
domain geometry in geom. m, as explained in Section B.2
%% Find nodes at the boundary
clear node;
clear nodetemp;
I=pdesde (e);
1=0;
for i=l:size(I,2)
1=1+1;
node (1) =e (1, 1(i));
1=1+1;
node(1)=e(2,I(i))
end;
node=sort(node);
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%%remove repeated nodes
nodetemp (1) =node (1);
1=2;
for i=2:size(node,2)
if node(i) -= nodetemp(1-1)
nodetemp (1) =node (i);
1=1+1;
end;
end;
node=nodetemp;
Since the mesh is generated automatically by the PDE Toolbox, the indices of the nodes
in the boundary are unknown a priori. The command line function pdesde.m
automatically returns all edges on the domain boundary. From this data it is possible to
obtain the indices of the nodes on the boundary.
%% Find nodes at top boundary
clear xytop;
clear xymax;
clear xyp;
clear xy;
k=0;
1=0;
firstl0=0;
for i=l:size(node,2)
if p(1,node(i))>=-3 & p(1,node(i))<10 & p(2,node(i))>=0
k=k+l;
xytop(1,k)=p(1,node(i));
xytop(2,k)=p(2,node(i));
xytop (3, k) =node (i);
end;
end;
for i=l:size(node,2)
if p(l,node(i))==10
1=1+1;
xymax(1, 1) =p(1,node(i));
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xymax(2,1)=p(2,node(i));
xymax(3, 1) =node (i);
end;
end;
xymax=sortrows (xymax')';
k=k+1;
xytop (1, k) =xymax(1, size (xymax, 2));
xytop(2,k)=xymax(2,size(xymax,2));
xytop(3,k)=xymax(3,size(xymax,2));
xytop=sortrows (xytop')';
After the indices for the boundary nodes are defined, we then filter the nodes at the top
boundary, which are the ones with value of the coordinate Y greater or equal to 0 (zero).
Not that, for nodes at X coordinate equals 10 (ten), there can be more than one node with
Y coordinate greater than zero. For this reason we used the xymax parameter, which
contains the node with X=10 and greater value of Y coordinate.
%% Find nodes at fusion boundary
1=0;
for i=1:size(xytop,2)
if xytop(1,i)>=0
1=1+1;
xyp (1, 1) =xytop (1, i) ;
xyp (2, 1)=xytop (2, i) ;
xyp (3, 1) =xytop (3, i) ;
end;
end;
%% Sort vectors in ascending order of x
xyp=sortrows (xyp') ';
xy=[xyp(1,:)',xyp(2,:)']';
After finding the nodes at the top boundary, we can then find the nodes at the fusion front
interface, which are the nodes with the X coordinate equal or greater to 0 (zero).
83
%% Calculate heat flux at fusion boundary
%% The value "1" below refers to the material conductivity. It is one
%% in our case.
q=heat(u,p,t,l,xyp);
Calls the subroutine heat .m, which calculates the heat flux through the fusion interface.
The structure of heat .m is explained in Section B.4.
if converged==O
% Getting rid off nodes created by Matlab
for i=2:size(xyprev,2)
m=0;
qqtemp=0;
for j=1:size(q,2)
if (q(1,j)>xyprev(1,i-1)) & (q(1,j)<xyprev(1,i))
qqtemp=qqtemp+q(2,j)*(sqrt((xy(l,j+l)-
xy(1,j))^2+(xy(2,j+1)-xy(2,j) )^2));
%qqtemp=qqtemp+q(2, j);
m=m+l;
end;
end;
qtemp(l,i-l)=(xyprev(l,i)+xyprev(1,i-1))/2;
qtemp(2, i-l)=qqtemp/ (sqrt( (xyprev(l, i) -xyprev(l, i-
1))^2+(xyprev(2,i)-xyprev(2,i-1) )A 2));
%qtemp (2, i-1) =qqtemp/m;
end;
xy=xyprev;
q=qtemp;
end;
The nodes at the fusion boundary were previously defined in the geometry creation
procedure geom.m, as explained in Section B2, but sometimes the mesh generator
creates extra nodes in the boundary. For computational effort reasons we remove them,
otherwise the number of nodes can increase with each iteration.
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if (mainiter==iterations)
converged=l;
end;
Stops the code, in case the procedure has not converged before the maximum number of
iterations defined by the user.
%% Save Delta vs. X on cumulative file
fid=fopen( 'Results/xdt.dat', 'at');
if mainiter==O
fprintf(fid, 'Theta=%3.2f , Stefan=%1.3f\n' ,Theta*180/pi,Stefan);
fprintf(fid, 'B Equation: %s\n', 'Fixed Temperature');
end;
fprintf(fid,'\n');
fprintf(fid,'Iteration: %2d\n',mainiter);
fprintf(fid,'%3.14f %3.14f\n',xy(:,:));
fclose (f id) ;
%% Save Heat vs. X on cumulative file
fid=fopen('Results/ht.dat','at');
if mainiter==O
fprintf(fid, 'Theta=%3.2f , Stefan=%1.3f\n',Theta*180/pi,Stefan);
fprintf(fid, 'B Equation: %s\n','Fixed Temperature');
end;
fprintf(fid,'\n');
fprintf(fid,'Iteration: %2d\n',mainiter);
fprintf(fid,'%3.14f %3.14f\n',q(:,:));
fclose(fid);
Saves the results of each iteration for a posteriori analysis of the iterative procedure.
mainiter=mainiter+l;
end;
End of the iterative procedure.
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%%Save Temperature at top boundary
utop=[xytop(l,:)',u(xytop(3,:))]';
fid=fopen('Results/u.dat','wt');
fprintf(fid,'Theta=%3.2f , Stefan=%1.3f\n',Theta*180/pi,Stefan);
fprintf(fid,'B Equation: %s\n','Fixed Temperature');
fprintf(fid,'%f %f\n',utop(:,:));
fclose(fid);
%% Save Delta vs. X on file
fid=fopen('Results/xd.dat','wt');
fprintf(fid,'Theta=%3.2f , Stefan=%1.3f\n',Theta*180/pi,Stefan);
fprintf(fid,'B Equation: %s\n','Fixed Temperature');
fprintf(fid,'%3.14f %3.14f\n',xy(:,:));
fclose(fid);
%% Save Heat vs. X on file
fid=fopen('Results/hea.dat','wt');
fprintf(fid,'Theta=%3.2f , Stefan=%1.3f\n',Theta*180/pi,Stefan);
fprintf(fid,'B Equation: %s\n','Fixed Temperature');
fprintf(fid,'%3.14f %3.14f\n',q(:,:));
fclose(fid);
%% Save solution in format that can be read by Tecplot
temp=[p(1,:); p(2,:); u'];
fid=fopen('Results/tem.plt','wt');
fprintf (fid, 'Variables = "X" ,"Y","Temp iter"\n');
fprintf(fid,'Zone N= %d, E= %d,
ET=TRIANGLE\n' ,size(p,2) ,size(t,2))
fprintf(fid,'%3.14f %3.14f %3.14f\n',temp);
F=FEPOINT,
for i=l:size(t,2)
fprintf(fid,'%d %d
end;
fclose(fid);
Saves the results obtained in the last iteration for plotting and analysis in different
commercial packages.
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%d \n',t(1,i),t(2,i),t(3,i));
%%Plot mesh
pdeplot(p,e,t,'mesh','on');
xlabel 'X';
ylabel 'Y';
%% Plot solution
figure('NextPlot','replace');
pdeplot (p, e, t, ' xydata' , u, ' contour', ' on' , 'colormap', 'hsv' );
xlabel 'X';
ylabel 'Y';
%%Plot Temperature at fusion boundary
figure('NextPlot','replace');
plot(utop(l,:),utop(2,:),'b.')
xlabel 'X';
ylabel 'Temp';
%% Make Q=Q* line to plot
xxq=[min(q(1,:)):.1:max(q(1,:))];
yyq=ones(size(xxq,2) ,l);
yyq=sin(Theta) /Stefan*yyq;
%%plot heat transfer
figure('NextPlot','replace');
loglog (q(1, :) ,q(2, :) , 'b. ',xxq,yyq, 'k:')
xlabel 'X';
ylabel 'Q';
Plots the results of the last iteration for immediate onscreen analysis.
B.2: Geometry Description - geom.m
This subroutine creates the geometry description matrix used by the PDE Toolbox
mesh generator, checks the convergence of the fusion interface shape for a given value
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(here taken as 1%) and returns the value of the cut-off distance Xcut in the downstream
coordinate X.
function [g, converged, xy, Xcut]=geom(iter, q,xy, Theta, Stefan, dampi)
converged=0;
clear geometry;
clear g;
Clear all variables before each iteration.
%% make flat geometry for first iteration
if iter==0
Xcut=0;
Ll=8e-4;
M1=3e-1;
xy(1,1)=0;
xy(2,1)=0;
%% make Geometry description Matrix for initial flat shape
m=1;
while xy(1,m)<10;
m=m+l;
xy (1,m) =xy (1,m-1) +(L1+M1*log10 (1 .0+xy (1,m-1) )) ;
xy(2,m) =0;
end;
xy(1,m)=10;
xy(2 ,m) =0;
if (xy(l,m)-xy(l,m-1) )<(xy(l,m-l)-xy(l,m-2))
xy (1, m-1) =xy (1, m) ;
xy (2, m-1) =xy (2, m) ;
m=m-1;
xy=[xy(1,1:m);xy(2,1:m)];
end
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For the first iteration we create a flat shape for the fusion front. The first nodes in the
fusion front are created in a logarithmic expansion, starting at the contact line, so that the
mesh is refined around the singularity. Although the PDE Toolbox has an adaptive mesh
generator that could this for us, we decided for this approach in name of computational
effort. This way the mesh refinement is made only in the first iteration, and used for all
subsequent ones.
else %% Iteration > 0
xyprev=xy;
m=1;
while (q(2,m)>sin(Theta) /Stefan)
xy(2,m+1)=xy(1,m+1)*tan(Theta);
m=m+1;
end;
Xcut=xy (1, m);
for i=m:size(q,2)
qs=q(2,i)*Stefan;
xy(2, i+1)=xy(2,i)+(qs/sqrt(1-(qs)^2))*(xy(1,i+1)-xy(1,i)) ;
end;
for i=l:size(q,2)
xy(2,i+1)=dampi*xyprev(2,i+1)+(1-dampi)*xy(2,i+1);
end;
For subsequent iterations the shape of the fusion interface is updated with Eq. 2.14. Xcut
is obtained from the "while block", as the downstream coordinate necessary for the heat
flux to meet our energy balance equation.
%% Check convergence
if iter>1
converged=1;
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for i=2:size(xy,2)
if abs((xy(2,i)-xyprev(2,i))/xy(2,i))>0.01
converged=O;
break;
end;
end;
end;
The convergence check is made only after the second iteration, since the value of As in
the first iteration is zero, which would give infinite value in our division.
end;
%% create geometry description matrix
kk=l;
geometry(kk)=2;
kk=kk+1;
geometry (kk)=size (xy, 2) +3;
kk=kk+1;
for i=1:size(xy,2)
geometry(kk)=xy(1,i);
kk=kk+1;
end;
geometry(kk)=10;
kk=kk+1;
geometry(kk)=-3;
kk=kk+1;
geometry(kk)=-3;
kk=kk+1;
for i=1:size(xy,2)
geometry(kk)=xy(2,i);
kk=kk+1;
end;
geometry(kk)=-10;
kk=kk+1;
geometry(kk)=-10;
90
kk=kk+l;
geometry (kk) =0;
geometry=geometry';
g=decsg(geometry);
The input of the mesh generator is actually the Decomposed Geometry Matrix, which is
obtained using the PDE Toolbox command line function decsg, with the Geometry
Description Matrix as the input. The format of the geometry description matrix for a
polygon is, as defined in the PDE Toolbox User's Manual,
"For a polygon solid, row one contains 2, and the second row contains the
number, N, of line segments in the boundary. The following N rows contain the
x-coordinates of the starting points of the edges, and the following N rows
contain the y-coordinates of the starting points of the edges".
The geometry array in our code is created following this description, starting with the
point at the contact line and rotating clockwise.
%% organize decomposed geometry matrix in clockwise direction
g=sortrows(g',2)';
Here we organize the decomposed geometry matrix in the clockwise direction. This is
will be useful for the boundary conditions matrix. The first and last columns now
correspond to the zero heat flux sides of our domain, and the second and last minus one
columns correspond to the zero non-dimensional temperature sides. All the other columns
correspond to the edges in the fusion interface.
B.3 Boundary Conditions - bound.m
This subroutine creates the boundary condition description matrix used by the
PDE Toolbox solver. The format of this matrix is, as defined in the PDE ToolBox User's
Manual.
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"For each column in the Decomposed Geometry matrix there must be a
corresponding column in the Boundary Condition matrix. The format of each
column is according to the list below:
. Row one contains the dimension N of the system (in our case equals to 1 (one)).
. Row two contains the number M of Dirichlet boundary conditions. (In our case
either equals to 1 (one) or 0 (zero)).
. Row three to 3 + N2 - 1 contain the lengths for the strings representing heat
transfer coefficient boundary conditions.
. Row 3 + N2 to 3 + N2 +N- 1 contain the lengths for the strings representing heat
flux boundary conditions.
.Row 3 + N2 + N to 3 + N2 + N + MN - 1 contain the lengths for the strings
representing the weight of each temperature boundary condition.
. Row 3 + N2 + N + NM to 3 + N2 + N + MN + M - 1 contain the lengths for the
strings representing the temperature boundary condition.
The following rows contain MATLAB text expressions representing the actual
boundary condition functions. The text strings have the lengths according to
above."
The best way to actually learn the shape of boundary conditions matrix is to use the
Toolbox Graphical User Interface, export it to the Matlab workspace and visually inspect
it. But we believe that the use of subroutine bound .m is self-explanatory, and that one
can easily modify it for different kinds of boundary conditions (as explained in Section
B.5).
function [b)=bound(xy);
%%create boundary conditions matrix
for i=1:size(xy,2)+3
switch i
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case {2,size(xy,2)+2} %% Sides D-O and A-B
numbofdir=O;
qstring=' 0';
fstring=' 0';
hstring='1';
rstring=' 0';
case {1, size (xy, 2)+3} %% Sides C-D and B-C
numbofdir=1;
qstring='0';
fstring=' O';
hstring='1';
rstring=' 0';
otherwise %% Fusion boundary
numbofdir=1;
qstring=' 0';
fstring=' O';
hstring=' 1';
rstring='1';
end;
Sets the boundary conditions strings. Even when they are scalar numbers, they have to be
set as string variables. When the edge has a Dirichlet boundary condition numbof dir is
set to 1 (one), otherwise it is set to 0 (zero). The string for the weight of the temperature
(hstring ) is always set to 1 (one).
b(1,i)=1; %% Dimension of System
b(2, i)=numbofdir; %%Number of Dirichlet Conditions (fixed
temperature)
b(3,i)=size(qstring,2); %%Length of string corresponding to q
(transf coef)
b(4,i)=size(fstring,2); %% Length of string corresponding to g
(flux)
1=5;
if numbofdir==O & size(fstring,2)<2
b(1, i)=48;
1=1+1;
b(1, i) =48;
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1=l+1;
elseif size(fstring,2)<2
b(1,i)=size(hstring,2); %% Length of string corresponding to h
(weight)
1=1+1;
b(1,i)=size(rstring,2); %% Length of string corresponding to
r (temperature)
1=1+1;
end;
for j=l:size(qstring,2)
b(l,i)=double(qstring(j)); %% String corresponding to q
(transf coef)
1=1+1;
end;
for j=1:size(fstring,2)
b(l,i)=double(fstring(j)); %% String corresponding to g (flux)
1=1+1;
end;
if size(fstring,2)<2
for j=1:size(hstring,2)
b(l,i)=double(hstring(j));
(weight)
1=1+1;
end;
end;
if size(fstring,2)<2
for j=l:size(rstring,2)
b(l,i)=double(rstring(j));
(temperature)
1=1+1;
end;
end;
end;
%% String corresponding to h
%% String corresponding to r
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All the rows of the matrix must be completed. When the edge has a Dirichlet boundary
condition, the rows corresponding to Neumann or Robin boundary conditions are set to
the ASCII character 48, the same being true for the opposite case. Also, the rows always
have integer numbers representing the ASCII characters. For this reason the Matlab
function double .m is used to convert the strings to sequences of integers, and the
sequence of commands above takes care of putting them in their appropriate row.
B.4 Heat Flux Calculations - heat.m
This subroutine calculates the heat flux at the mid-side point of the triangles in the
fusion front. The xyp matrix obtained in drop . m is used to define the points, and thus
the triangles and edges, that are in the fusion boundary.
function q=heat(u,p,tc,xyp);
%% Calculate Side Length and Area of each triangle
[sl,area] = pdetridi(p,t);
%% Calculate Heat flux through edges of triangles
H = pdenrmfl(p,t,c,u,area,sl);
The Toolbox command line pdetridi.m calculates the area and side length of each
triangle in the mesh. This data is required by pdenrmf 1 . m to calculate the heat flux
through the edges of the triangles. The heat flux is then put in the matrix H, where each
column refers to one side of the triangle, numbered counterclockwise, with the index of
the apposite vertice (see Figure B. 1).
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Figure B. 1: Numbering of nodes and edges in a triangle
%% Check triangles at fusion interface and retrieve heat flux
%% normal to its edge
%% Define edges at the boundary
for i=l:size(xyp,2)-l
%%check triangles that contains the ith and ith+1 nodes
tri=find((t(1,:)==xyp(3,i) I t(2,:)==xyp(3,i) | t(3,:)==xyp(3,i)) &
(t(1,:)==xyp(3,i+l) I t(2,:)==xyp(3,i+1) | t(3,:)==xyp(3,i+1)));
%Check edge that is at fusion interface
side=find([1;2;3] ~ find(t(1:3,tri)==xyp(3,i)) & [1;2;3]
find(t(1:3,tri)==xyp(3,i+1)));
%Put heat flux in heat flux matrix
q(1, i) = (xyp (1, i)+xyp (1, i+1) ) /2;
q(2,i)=-1*H(side,tri);
end;
For each pair of nodes in the fusion front, we find the triangle that contains both nodes.
Then we check the number of the edge in this triangle that is in the fusion front and get
the value of the heat flux from the appropriate column in the matrix H.
%% Sort vectors in ascending order of x
q=sortrows(q',1)';
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B.5 Modifications for Different Boundary Conditions
The code shown in the previous sections is for the case where we set the boundary
conditions at the fusion interface to $= 1. Here we explain how one should modify the
code, mainly subroutine bound. m, to consider the different boundary conditions used in
this thesis.
B.5.1 Heat Flux Boundary Conditions
For the cases described in Chapter 3 one has to change the boundary conditions for the
columns in the boundary conditions matrix that correspond to the edges in the mesh that
are before the cut off point.
otherwise %% Fusion boundary
if xy (1, i-2) <Xcut
numbofdir=O;
qstring='0';
hstring='1';
rstring=' 0';
switch bcond
case 'cstq'
fstring=num2str(1*sin(Theta)/Stefan);
case 'circ'
RS=num2str(Xcut/sin(Theta)*Stefan);
fstring=strcat('x/',RS);
case '3rdp'
SS=num2str(sin(Theta)/Stefan);
xxco=num2str(Xcut);
fstring=strcat(SS,'*((x/',xxco,').^2).*(3-2*x/',xxco,')');
end;
else
numbofdir=l;
qstring='0';
fstring=' 0';
hstring='1';
rstring='1' ;
end;
We include an "IF Clause" in our code that checks if the point in question is
before the cut-off point. In this case we set the variables numbof dir and hstring to
o (zero), since here we have a Neumann boundary condition. Then we set the string
corresponding to the heat flux fstring to the corresponding functions, defined in
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Chapter 3. The remaining columns of the matrix have the same form as the ones for the
fixed temperature case.
B.5.2 Heat Transfer Coefficient Boundary Conditions
For our continuous boundary condition of Chapter 4, we do not have to check the
nodes in the cut-off region, but we change the boundary conditions from Dirichlet to
Robin, and need to change the variables appropriately.
otherwise %% Fusion boundary
numbofdir=O;
xxO=num2str(xO);
xx=(xy(1,i-1)+xy(1,i-2))/2;
TopB=le+11;
if (exp(xx/xO)-1)<=TopB
qstring=strcat('(exp(x/',xxo,')-l)');
fstring=qstring;
bstring=qstring;
else
qstring=num2str(TopB);
fstring=qstring;
end;
hstring=' 1';
rstring='' ;
Again we set the variables numbofdir and hstring to 0 (zero), since here
we have a Robin boundary condition, and then set fstring and qstring to the
expression for B(X) in Chapter 4. The variable xO is an input of the code, so that the
header of drop .m subroutine should also be changed to
[q,xy,p,e,t,u]=drop(Theta,Stefan,iterations,MaxT,xO)
to include this parameter.
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B.5.3 Resistive Layer Case
For the resistive layer, we do not have to change the bound. m subroutine, since
we still have the condition <=1, but we have to modify the PDE specifications in
drop. m and the geometry description in geom. m to take the resistive layer into
account.
%% PDE Coefficients
c=str2mat(strcat('1!(',num2str(1-
kO),'*(x/',num2str(l_cr),')+',num2str(kO),')'));
a=str2mat('0!0');
f=str2mat('(-ux)!(-ux)');
Now we have two sets of domains, one that represents the droplet material and the
other representing the resistive layer material. We separate the two domains with the
character "!", and then set c=fo (as defined in Chapter 5) for the resistive layer material.
geomcr=[ 3 ; 4; 0; 1cr; 1_cr; 0; 0; ; -1*h cr; -1*h-cr ;
geom=geometry;
for i=1:size(geom-cr)
geom(i, 2)=geom-cr(i);
end;
g=decsg(geom);
For this case we need two create the geometry description for both domains. We
create geometry as before, representing the droplet part of the domain, and create
geom_ cr, which represents the resistive layer part. Then we put the two parts together
in a matrix, where the first column is set equal to geometry, and the second set equal to
geomcr. We are now ready to create the Decomposed Geometry Description matrix.
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Appendix C
DOMAIN SIZE
In order to determine a size for our domain that would be inexpensive
computationally but that would not interfere with our solution, we studied our simplified
cases for a series of domain sizes. We look for the smaller lengths of Xmax, Xmin and Ymin
(Figure C. 1 and C.2) that have such properties.
Xmin
Figure C. 1: Size of a wedge-shaped domain
Y
Xmin
X
XI
min
Figure C.2: Size of a truncated wedge-shaped domain
100
Figures C.3 and CA show the results for a range of Xmin from -10 to -1.5, Xma from 5
to 100 and Ymin from -5 to -100. These results show that for Xm <-3, Xnm >10 and
Ymin <-10, the results are unaffected by the domain size except for downstream
distances from the contact line X>7, and the effect of the domain size is smaller for a
shape that is a closer representation of the fusion interface in an actual spreading melt
drop (the truncated wedge). As we want to study what happens very near the contact line
(X<1), we choose these values of the domain size for all of our computations.
Q vs. X
1E+2 30* Wedge
1 E+1 -= Equation (2.15) with n(Ow)
from equation (2.17)
1 E+-
1 E-1
Q
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S Xmax=5, Xmin=-3, Ymin=-5
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Figure C.3: Domain size effect for a wedge-shaped fusion interface
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Q vs. X
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Figure C.4: Domain size effect for a truncated wedge-shaped fusion interface
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Appendix D
SUMMARY OF MODELS AND CALCULATIONS
D.1 The Heat Transfer Singularity (Chapter 2)
1. Assume two fusion front shapes that simulate the real fusion front approximately:
a semi-infinite wedge and a truncated wedge.
2. The temperature field $ is determined with boundary condition $=1 at the fusion
interface, but the Stefan condition is ignored.
3. The singularity appears at the contact line and has the same behavior for both
shapes if the wedge angles are the same, implying that it will also appear for the
real case of a melt solidifying over a target of its own kind, regardless of the far
field phenomena.
D.2 Cut-Off Region (Chapter 3, Section 3.1)
1. Assume the fusion interface angle of attack Os is known from experiments as a
function of the Stefan number S.
2. The temperature field $ is computed with the boundary condition $=1 at the
fusion interface.
3. At X Xco, where Xco is the cut-off length, the fusion interface is wedge-shaped,
with constant slope Os. In this region the Stefan condition is neglected.
4. At X Xco the fusion interface shape As is computed via an iterative procedure
such that As(X) is consistent with the Stefan condition, and Q = sin 0
S
5. For all cases the cut-off distances were found to be in the sub-gm range, i.e.,
small but large compared with typical molecular scales.
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D.3 Heat Flux Boundary Conditions in the Cut-Off Region (Chapter 3, Section 3.2)
1. Assume the fusion interface angle of attack Os is known from experiments as a
function of the Stefan number S.
2. The cut-off length Xco is determined from the wedge-shaped cut-off case.
3. At X Xco the fusion interface has a shape consistent with the Stefan condition
and heat flux boundary condition being considered.
4. At X2Xco the fusion interface shape is determined from the wedge-shaped cut-off
case, and consistent with the Stefan condition.
5. The temperature field $ is computed with the boundary condition $=1 at the
fusion interface for downstream coordinates X greater then the cut-off length and
with heat flux boundary condition for downstream coordinates smaller than Xco.
6. In all cases the singularity appears at the cut-off point, impeding the computation
of further iterations. This shows that we need a single continuous boundary
condition for the whole fusion interface.
D.4 Heat Transfer Coefficient (Chapter 4)
1. A heat transfer coefficient equation is chosen for the fusion interface.
2. The temperature field $ is computed with the heat transfer coefficient boundary
condition for the whole fusion interface.
3. The fusion interface shape As is computed via an iterative procedure such that
As(X) is consistent with the Stefan condition, and Q = sin 0
S
4. The model can be made to agree with Schiaffino and Sonin's data and the heat
flux singularity was limited in a distance of the same length scale of the cut-off
region, but some undercooling is implied at the fusion interface near the contact
line.
5. The iterative procedure was very unstable computationally. We believe this is due
to the fact that our heat transfer coefficient equation was chosen with no physical
basis and that further studies are needed to determine the form of the equation.
One can also argue if the heat flux from the liquid into the fusion interface can
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still be neglected in the energy balance equation with such undercooling at the
fusion front.
D.5 Resistive Layer (Chapter 5)
1. A resistive layer is mathematically introduced between the melt and the target.
2. The temperature field $ is computed with the boundary condition $=1 at the
fusion interface.
3. The fusion interface shape As is computed via an iterative procedure such that
As(X) is consistent with the Stefan condition, and Q = sin 0
S
4. Mathematically the model can be made to agree with Schiaffino and Sonin's data
and the heat flux singularity was limited in a distance of the same length scale of
the cut-off region.
5. We know of no material that could give the required resistances for impeding the
heat flux singularity from appearing in distances smaller than the molecular scale.
The model works mathematically, but has no physical basis.
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